The compressible Navier-Stokes equations are numerically solved to study the acoustic generation mechanism associated with the evolution of the structure in a compressible plane wake undergoing transition to turbulence. High-order compact finite difference schemes are used for spatial derivatives and a 4th-order Runge-Kutta scheme is employed for time advancement. Navier-Stokes characteristic boundary conditions are used in the vertical direction and periodic boundary conditions in the streamwise and spanwise directions. Threedimensional structures of the wake are studied by means of temporally evolving plane wakes forced with a combination of unstable modes obtained from linear stability theory using a mapped Fourier method for the viscous compressible equations. Forcing with a pair of oblique subharmonic unstable modes yields streamwise/vertical counter-rotating vortices in the saddle region. As the streamwise/vertical vortices evolve outside, their self-induction causes inclined braidlike structures to form in the wake, which are similar to observations in the experimental supersonic flat wake transition. The oblique subharmonic unstable modes also cause the spanwise variations in the core that lead to roller distortion. Acoustic waves of plane wakes are generated when two-dimensional rollup structures appear and rotate in such wakes. Near-field sound wave pressure decreases downstream due to the three-dimensional evolution of the wake.
Introduction
Recently, with the new noise regulations, reducing acoustic noise emissions has become a major challenge for aircraft designers and manufacturers (see Lele and Moin (1) 1998, Colonius, et al. (2) 1997, Mitchell, Lele and Moin (3) 1999). The understanding of the effects of a free-shear flow structure on acoustic emission is very crucial for noise control. Compressible free-shear flow simulations to date have been primarily of mixing layers and jets, while wakes have received far less attention. From inviscid linear stability analysis and direct numerical simulation (DNS), Sandham and Reynolds (4) (1989) found that oblique waves are dominant in the mixing layer above a convective Mach number of 0.6, leading to the formation of threedimensional structures at high Mach numbers. Chen, et al. (5) (1990) investigated the effects of compressibility on the wake growth by means of DNS. They also presented a compressible inviscid linear stability method. Forcing with the most unstable two-dimensional wave and a pair of oblique waves leads to three-dimensional structures; vortex loops may or may not form as a result of the interaction between the streamwise and spanwise vorticity. They elaborated a mapped Fourier spectral method for derivatives. This method was found to produce point-topoint oscillations in the free-stream. Therefore, they simulated the wake flow at relatively early stages in transition and at lower Reynolds numbers. The sound field was not presented in their paper. Watanabe and Maekawa (6) (2004) simulated a supersonic wake at relatively higher Reynolds numbers using high-order compact finite difference schemes. Their results indicate that the rollup elliptical structure plays an important role for sound wave generation in a compressible plane wake.
In spite of the volume of experimental, theoretical, and numerical work that exists for wakes, the understanding of the large-scale motions that appear as flow goes downstream is still incomplete. Experimental measurements of growth rates in the linear regime were obtained for a supersonic forced wake at Mach 3.7 (Kendall (7) 1962), for a far wake of cylinders at Mach 6 (Behrens (8) 1968) and for a flat plate wake at Mach 6 (Behrens & Ko (9) 1971). From comparisons made between stability theory and experiment, they showed that qualitative similarities exist between compressible and incompressible wakes. Clemens & Smith (10) (1998) visualized periodic three-dimensional structures in a plane wake at Mach 3. Their results suggest that the small-and large-scale structures are attributable to three-dimensional instabilities. In the compressible turbulent wake behind turbulent boundary layers, Gai et al. (11) (2002) visualized weak periodical large-scale inclined structures. A complete quantitative description of the underlying mechanism of a compressible wake that links to three-dimensional behavior in incompressible wakes and the resultant structures awaits DNS studies.
In this study, to overcome the difficulties inherent in the spectral method or Padé-type compact schemes for compressible free-shear flows at high Reynolds numbers, as stated above, the finite difference high-order upwind compact schemes with spectral-like resolution are employed. Navier-Stokes characteristic boundary conditions (Poinsot & Lele (12) 1992) (hereafter referred to as NSCBC) are employed in the vertical direction. Boundary conditions based on characteristic analysis for NavierStokes equations are used so that acoustic waves are not reflected back into the domain. The evolution of the threedimensional structure and the resultant sound field of the plane wake are investigated.
Computational Method
In the present simulations, NSCBC are used in the x 2 direction, whereas the periodic boundary conditions are employed in the streamwise (x 1 ) and spanwise (x 3 ) directions. The length of the computational domain in the streamwise and spanwise directions, L 1 and L 3 , is determined from the linear stability analysis (6) using a mapped Fourier method for the viscous compressible equations. Therefore, we have
Here, the wave number α corresponds to the most unstable two-dimensional wave predicted from the linear stability theory. The three-dimensional modes of the wave number β correspond to the subharmonic (α/2, β/2) families of disturbances. The spanwise wave number β is chosen to be a pair of oblique waves inclined at θ = 45
• relative to the streamwise direction. In the DNS of the temporally developing wake, the following nondimensional equations governing the conservation of mass, momentum, and energy for a compressible Newtonian fluid are solved:
Assuming constant specific heats, the perfect gas equation of state is written as
The components of the viscous stress tensor τ i j are
where Re is the Reynolds number based on the initial halfwidth and the free-stream velocity. The nondimensional temperature-dependent viscosity µ is approximated by a power law as
By assuming a unity Prandtl number and constant specific heats, the thermal conductivity κ is proportional to the viscosity, expressed as
and the heat flux vector is given by
The initial basic flow velocity profile is in the form
The condition of the stagnation enthalpy constant, which would also be true in the outer potential flow, leads to a nondimensional temperature profile of the form
The initial conditions for time-developing wake simulations consist of linear eigenfunctions obtained from a linear stability analysis superimposed on the laminar flow. The most unstable two-dimensional mode and a pair of its first subharmonic oblique modes are superimposed on the laminar steady velocity, temperature, and density profiles d(y) at the beginning of the simulation:
whered 2-D andd 3-D represent the eigenfunctions of the two-dimensional and oblique modes. The amplitudes of the functions, A 2-D and A 3-D , were chosen to be 1% and 0.5% of the maximum free-stream value, respectively. To obtain spatially accurate numerical solutions to the governing equations, high-order (5th-order and 6th-order) compact schemes (Deng, Maekawa & Shen (13) 1996 and Lele (14) 1992) are employed. The compact 5th-order upwind scheme is used to discretize the hyperbolic terms, the compact 6th-order scheme for the viscous terms. The compact approximations for the first and second derivatives are expressed in the linear combinations
where f i and f i represent the finite difference approximations to the first and second derivatives at node i, respectively. Here, we consider a uniform spaced mesh where the nodes are indexed by i. The independent variable at the nodes is x i = hi for 0 < i < N and the function values of f i = f (x i ) at the nodes are given. α d is a control parameter of dissipative and dispersive errors, here, α d = ±0.25. The derivatives at the boundary i = 0 in the x 2 direction are given by
and
These boundary schemes are of third-order accuracy. The derivative and its expression at the boundary are written in the matrix formulation
where B and C are N ×N sparse matrices, andf andf are N vectors representing the values of the function and its derivative at the nodes, respectively. A 4th-order RungeKutta method is employed for time advancement. Due to the stability restriction of the explicit integration scheme, the time step is limited to about 0.01 for a 150 × 301 × 150 computational grid. Figures 1 -3 show successive snap shots of the wake structures for M = 2 and Re = 1 000. The second invari- ant Q of the velocity gradient tensor is employed to represent the structures. The core rolls are apparent in the side, end and top views. However, due to growth of the oblique modes after decay of the fundamental mode, even though their modal energies are less than 10% of the fundamental mode shown in Fig. 4 , the spanwise rollers are bent and the streamwise and cross-stream structures predominate in the wake structure. Counter-rotating streamwise structures become the predominant feature of the wake after the breakdown of the rollup core, as seen more clearly in Figs. 1 and 2 at t = 550. A counter-rotating streamwise structure has been observed by Clemens and Smith (10) . The counter-rotating structure is very important for the spread of the wake at a later stage due to its induced velocity. The staggered hairpinlike structures are observed on the top half of the wake, as shown in Fig. 3 at t = 550. The lift-up effect of such hairpin structures is important for the movement of fluid particles in a wake in a direction away from the wake center. Staggered lift-up structures were found to move in a large-scale motion in a subsonic wake in the far downstream region (15) (1988) . The effect of a pair of oblique subharmonic modes on the large-scale vortical motion is examined with a comparison between three-and two-dimensional results (6) . Similarly to the two-dimensional subharmonic, the oblique subharmonic evolves differently on opposite sides of the wake. Evidence of this is shown in Fig. 2 . Note that the streamwise and transverse Q structure is stronger on the top half of the wake. This is quite different from the behavior of an oblique fundamental, where opposite sides of the wake evolve similarly (6) . Unlike the two-dimensional subharmonic, the oblique subharmonic instability does not lead to pairing. Spanwise variations in the roller occur due to their self-induced motion caused by their curvature. Note, however, that the instability develops differently on opposite sides of the wake; the curvature of the rollers on the upper side of the wake is greater than that for the lower side.
Results

1 Three-dimensional evolution of structures
2 Acoustic wave generation in the wake
When we observe the density field averaged over the streamwise direction in Fig. 5 , we find that the density field oscillates periodically and propagates outside the structures. The angle θ a in Fig. 5 indicates the orientation of sound waves calculated from the speed of sound in temporally developing simulations. Similar observations in an averaged dilatational field and an averaged vertical velocity fluctuation field are obtained, as shown in Figs. 6 and 7, respectively. Figures 5 and 7 show the density and vertical velocity fluctuations averaged over the (x -z) plane for the three-dimensional wake forced by the two-dimensional mode and a pair of oblique subharmonic modes, respectively. To study the acoustic wave generation mechanism in a three-dimensional wake, a comparison between the density and vertical velocity fields averaged over the streamwise direction is made. As shown in Fig. 4 , the evolution of the mode amplitude indicates that the two-dimensional mode grows, saturates and decreases whereas the energy in the oblique modes reaches a first flat peak but later continues to increase until a second maximum is reached. The two-dimensional mode in the three-dimensional wake decreases sooner than that in the two-dimensional wake due to the evolution of the oblique modes. In Fig. 7 , the vertical velocity fluctuations are found to move away from or toward the wake center. On the other hand, Fig. 5 indicates that high and low density fields appear alternately, which correlate with vertical velocity fluctuations. A comparison between the density fields and the structure evolution in Fig. 1 indicates that the periodical density wave propagation are associated with the rotation of the structures. Therefore, for a deep understanding of the wave generation mechanism, a comparison between the structure evolution and the corresponding pressure/dilatational fields is made. In Fig. 8 , the rollup structure of an oblong shape is apparent with the major axis roughly vertical at t = 80 when the am- plitude of the fundamental disturbance reaches its maximum, where acoustic waves are generated first. Successive snap shots of pressure fields show that the acoustic waves are generated by rollup every four vortices and go outside in the upper and lower sides. In the pressure fields at t = 75, when a wave is generated, pressure waves generated in slightly different phases between the four vortices are observed. When the dilatational results are put on the pressure fields in Fig. 8 (b) , as shown in Fig. 8 (c) , we understand that the wave-front and back sides correspond to compression and expansion fields, respectively. In the successive photographs in Fig. 9 , the rollers rotate by 90
• so that the major axis is horizontal at t = 120, which yields lower pressure fields outside the rollers. From t = 125, the rollers rotate and the major axes become vertical in a co- herent manner, so that pressure waves are generated again. In this case, however, the wave front and back sides correspond to expansion and compression fields respectively. Finally, the structure evolves into a three-dimensional one with counter-rotating streamwise vortices, as shown in Fig. 3 . This fact explains the period of density oscillation in Fig. 10 . Evidence of the existence of pressure fields associated with the roller rotation in experiment is slim, but note that the averaged density/dilatational fields show that the acoustic fluctuation propagates at the speed of sound, as shown by the theoretical angle θ a = 1/M in Fig. 5 .
Conclusions
Results from a linear stability analysis and three-di-mensional direct numerical simulations provide new physical insights into three-dimensional evolutions of a plane compressible wake. Forcing with a pair of oblique subharmonic unstable modes leads to large-scale motions of streamwise/vertical counter-rotating vortices, as well as core deformation. Acoustic waves of a plane wake are generated when a two-dimensional rollup structure of an oblong shape with spanwise variations in the roller core appears and rotates in a coherent manner in the wake.
